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TA KHONGSAP 

Abstract. The notion of trigonometric spin double affine Hecke alge- 
bras (tsDaHa) and trigonometric double affine Hecke-ClifFord algebras 
(tDaHCa) associated to classical Weyl groups are introduced. The PBW 
basis property is established. An algebra isomorphism relating tDaHCa 
to tsDaHa is obtained. 



1. Introduction 

1.1. For an irreducible finite Weyl group W associated to a root system 
R, there are corresponding affine Weyl group and extended affine Weyl 
group attached with an affine root system R. There is an interest- 
ing family of algebras attached to or W^, namely the trigonometric 
double affine Hecke algebra (tDAHA), Ht^c, where t,c are certain param- 
eters. The tDAHA is not only a degeneration of the double affine Hecke 
algebra (DAHA) , but also an extension of the degenerate affine Hecke alge- 
bra (AHA) as defined by Lusztig in |Luj . The tDAHA was introduced and 
studied by Cherednik with application to harmonic analysis and Macdonald 
polynomials, see |Chll [Ch2] . Furthermore, when one specializes t = 0, the 
algebra -f^j=o,c has a large center, in particular, Ht=o,c is a finite module over 
its center, and it has interesting connections with algebraic geometry (see 

m)- 

In 1911, I. Schur developed a theory of spin (projective) representations 
of the symmetric group Sn- We note that studying the spin representations 
of Sn is equivalent to study the representations of the spin symmetric group 
algebra CS~ . For the symmetric group 5„, there is a standard procedure to 
construct the associated Hecke algebras. Wang [W] has raised the question 
of whether or not a notion of Hecke algebras associated to the spin symmet- 
ric group algebra CS~ exists, and has provided a natural construction of the 
trigonometric DAHA associated to the algebra CS~ , denoted by More- 
over, in [Wl IKWll IKW2j . we have developed a theory of spin Hecke algebras 
of (degenerate) affine and rational double affine type (also cf. [Naz] ) . 

1.2. This paper is a sequel to [WJ IKWll IKW2j . The main goal here is to 
construct two classes of algebras which are closely related to the tDAHA 
associated to each classical finite Weyl group W called the trigonometric 



2 



TA KHONGSAP 



double affine Hecke- Clifford algebra (tDaHCa), Hy^, and the trigonomet- 
ric spin double affine Hecke algebra (tsDaHa), H^. We establish a few 
basic properties of the algebras H^r and H^, including their PBW basis 
properties. In addition, we prove that for type A case, the algebra Hy^ 
(respectively, H^) is isomorphic to (respectively, to S)^^) introduced in 
|Wj in a very different presentation. 

1.3. In Section El we recall the definition of an extended affine Weyl group 
for each classical type, and then formulate the corresponding spin ex- 
tended affine Weyl group algebra CW^~ . We first start with a finite Weyl 
group W, and then consider a double cover of 14^ associated to a distin- 
guished 2-cocycle as in |KWH IMoj : 

1 — >Z2 — >W — >W — >l. 

We then define a covering of the extended affine Weyl group of W^. 
As a result, we obtain the spin extended affine Weyl group algebra CW^~ 
which is defined to be a certain quotient algebra of CW^. 

In Section [3l recalling that the Weyl group W acts as automorphisms 
on the Clifford algebra we then extend to an action of on We 
establish a (super) algebra isomorphism 

$ : e„ X cw^ ^ e„ cw^- 

which is an extended affine analogue to the isomorphism $ : C„ x CW 
Qn ® CW~ in |KW1| which goes back to Sergeev |Ser] and Yamaguchi [Yam] 
for type A. 

In Section [4] we introduce the tDaHCa Hyy. We establish the PBW basis 
properties for the algebras Hy^: 

where C[f)*] denotes the polynomial algebra. 

In Section [U we introduce the tsDaHa H^. The tsDaHa are not only 
the counterpart of the algebras H^y, but also the generalizations of the 
(degenerate) spin affine Hecke algebras associated to the spin group algebras 
CM^~ in }jW \ IKWT] . Denote by a noncommutative skew-polynomial 

algebra, we establish the PBW basis properties for H^: 

if- ^ e[i^*] (g) CW- . 

In addition, we establish a (super)algebra isomorphism: 

which extends the isomorphism $ : S„ x CW^ S„ (g) CW^- . 
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1.4. The constructions of our algebras are canonical, but we have to do 
it case-by-case since the algebras in a way rely on a choice of orthonormal 
basis of [). However, we hope that the detailed presentations on extended 
affine Weyl groups could be helpful to the reader. 

Acknowledgements. I am thankful for the Semester Dissertation Fel- 
lowship which allowed me to concentrate on my research during the semester 
of Spring 2008. I am deeply grateful to my advisor W. Wang for many useful 
suggestions during this project. 

2. (Spin) extended affine Weyl Groups 

2.1. The Weyl group W. Let W be an (irreducible) finite Weyl group of 
classical type with the following presentation: 

{si,. . . ,Sn\{siSj)"^'' = I, mii = l, my = TTT-ji G Z>2,for i / j). (2.1) 

The integers niij are specified by the Coxeter-Dynkin diagrams whose ver- 
tices correspond to the generators of W below. By convention, we only mark 
the edge connecting i,j with rriij > 4. We have rriij = 3 for i ^ j connected 
by an unmarked edge, and rriij = 2 if i,j are not connected by an edge. 



A o o • • • o o 

1 2 n — 1 n 



Bn{n > 2) 



4 

o o • • ■ o o 

1 2 n — 1 n 



On 



-D„(n > 4) o o ° 77,-:^ 

1 2 77 — 3 \ 

o 77 — 1 

Denote by Wa„^i (respectively, Wb„ and Wd„) the finite Weyl group of 

type An-i (respectively, i?„ and Dn)- Then the group Wd„ is generated by 
si, . . . , Sn, subject to the following relations: 

sf = 1 (i<n-l) (2.2) 

SiSi+lSi = Si+lSiSi+l (7 < 77 - 2) (2.3) 

SiSj = SjSi {\i - j\ > 1, i,j / 77) (2.4) 

SiSn = SnSi (i / 77 - 2) (2.5) 
Sn-2SnSn-2 = SnSn-2Sn, = 1. (2.6) 
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Recall Sn = Wa^-i is generated by si,...,s„_i subject to the relations 
([22H231) above. 

The group Wb^ is generated by si, . . . , s^, subject to the defining relation 
for 5n on si, . . . , Sn-i and the following additional relations: 

SiSn = SnSi (1 < i < n - 2) (2.7) 

{Sn-lSnf = 1, 4 = 1- (2-8) 

2.2. The extended affine Weyl group W^. In this subsection, we recall 
the definitions of the extended affine Weyl groups of classical type. For a 
more detailed expository, consult |Kirj . Define the set by 





f{l}, 


iiW = 


Wa^., or W 








iiW = 










iiW = 






The extended affine 


Weyl f 


^roup 


is the group 


generated by Sj's 



vr^^ for r G O^. The generators Sj's obey the relations in ()2.ip and the 
defining relations involving iTr are shown below: 
iiW = WA„_„ then 



7r'lsi = SiTT'l (l<i<n-l), (2.9) 
TTiSj = Sj+iVTi (l<i<n-2); 



ifW = WB„, then 



7r? = l, 

TTiSi = SjTTi (2 < i < n), (2.10) 

TTiSlVTiSi = SiTTiSlTTi; 

if = and n is odd, we have 



(2.11) 



W = Wd„ and n is even, we have 

TTivr^ = 7r„7ri, vrisivri = 7r„s„7r„, 

7riSi = Si7ri, VTnSi = Sn_j7r„ (2<-i<n-2), (2.12) 
7i"iSn-i = s„7ri, 7r„si = s.„_i7r„. 





= 1, 












— Sn—i'^n 
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Remark 2.1. We may define 



So := 



7ris„_i7rf \ for W = Wa„_i 
vTiSiTTj^^ for W = Wb„ or = Wu^k 
7r„s„_i7r"\ ioiW = WD^ 



Then the elements Sj's for i > generate the affine Weyl group W"'. 

2.3. A covering of an extended affine Weyl group. We note here that 
the Schur multipliers for finite Weyl groups W (and actually for all finite 
Coxeter groups) have been computed by Ihara and Yokonuma |IYj (also cf. 
[Kar] ) . The explicit generators and relations for the corresponding covering 
groups of W can be found in Karpilovsky [Karl Table 7.1]. 

In particular, there is a distinguished double covering W of W: 

1 — >'L2 — >W — >W — >l. 

We denote by Z2 = { 1 , -z} , and by ti a fixed preimage of the generators s j of 
W for each i. The group W is generated by z,tiS with relations 

Let W be Wa„_i, Wb„ or Wd„- We define a covering of the extended 
affine Weyl group W^, denoted by W^, to be the group generated by z,ifs, 

and 71^^ (r G O^) such that z is central, z,ii^s satisfy (I2.13p . and the 
following additional relation: 

iiW = WA,,_^, set 

^lii = ii^i, (2.14) 

[[W = Wb„, set 



jf^ii = z'^ ^ii+iT^i {l<i<n-2); 



TTiii = ziiTTi (2 < i < n), (2.15) 

vftlVfltl = ZtlTTltlTTi; 

if W = Wd„ and n is odd, set 

~4 

T^n = 

T^nin-l = inTTn, (2.16) 

n-l ~ 

TTnti = Z 2 tn-iTTn (1 < i < n - 2), 

n-l ~ 

TTnin = Z 2 tiTTn, 
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if W = Wd„ and n is even, set 



^2 = 1 ^2 ^ +1 



TTlTTn = ZT^nTi'l, VTltlTTl = ZTTntnT^n-, 
TTiii = iiTTi, TTnii = Z?t„_j7f„ (2 < Z < n - 2), (2.17) 

The quotient algebra CW' := CW^'/iz + 1) of CW'' by the ideal gen- 
erated by z + 1 win be called the spin extended affine Weyl group algebra 
associated to W. Denote by ti (respectively, by t^^) element in CVF^~ the 
image of tj (respectively, vf^^). The spin extended affine Weyl group al- 
gebra CW'^~ has the following uniform presentation: CW'^~ is the algebra 
generated by tj's, and t^^ for r G subject to the relations 

(t.t,r^ = (-ir^+^^(^' (2.18) 

with the following additional relations depending on W, i.e, if Vl^ = Wa„_i, 
tl^ti = titl^ (l<i<n-l), (2.19) 



t^^ti = {-l)''-Hi+it^^ (l<i<n-2); 



t^ =1 



ivTiti = -titTTi (2 < i < n), (2.20) 
if = W^_D^ and n is odd, 





= -1, 








(2.21) 




/ ^ n — 1 

= {-!) — tit^„ (l<«<n-2). 






= (-l)^tit,„; 





If W = Wd„ and n is even, 

U^ti = tit^, (2<i<n-2), (2.22) 
tnji = i-'^)^tn-itn„ (2<i<n-2), 

^TTi^n— 1 — ^n^TTij ^7r„^l — ( 1 j ^ ^n— 1^7r„ • 

The algebra CW^^" has a superalgebra (i.e. Z2-graded) structure by let- 
ting each be odd and tjr^ be either even or odd depending on (motivated 
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by Theorem 13.31 below) as follows: G Z2, the homogenous degree of i^^, 
is set to be 

fo, \IW = Wa,,otWd,, .2 23) 

fA:(mod2), if = T^^^^ 
\/c(mod2), ifH^^„ = T^^^^^^. 

3. The Clifford algebra 

In this section, we recall the definition of the Clifford algebra C„. We show 
that the group acts as automorphisms on which leads to Theorem 13.31 
below. 

3.1. The Clifford algebra S„. Denote by f)* = the standard (respec- 
tively, reflection) representation of the Weyl group W of type An-i (respec- 
tively, of type Bn or Dn)- Let {oj} be the set of simple roots for W . Note 
that f)* carries a VF-invariant nondegenerate bilinear form (— , — ) such that 
(ai,aj) = — 2 cos(7r/?Tijj). It gives rise to an identification \]* = \) and also a 
bilinear form on f) which will be again denoted by (—,—). 

Denote by C„ the Clifford algebra associated to (()*,(—,—)). We shall 
denote by {cj} the generators in S„ corresponding to a standard orthonormal 
basis {cj} of C" and denote by the elements of C„ corresponding to the 
simple roots normalized with 

A' = 1- 

More explicitly, C„ is generated by ci, . . . , c„ subject to the relations 

c- = 1, CiCj = -CjCi {i / i). (3.1) 
For type ^n-i, we have (3i = -^(q — Q+i), 1 < i < n — 1. For type Bn, we 
have an additional (3n = Cn, and for type D^, Pn = '^i'^n-i + Cn)- 

The action of on f) and t)* preserves the bilinear form (— , — ) and thus 
it acts as automorphisms of the algebra S„. This gives rise to a semi-direct 
product C„ XI CW. Moreover, the algebra S„ x CW naturally inherits the 
superalgebra structure by letting elements in W be even and each Cj be odd. 

3.2. An action on Gn* ^Ve introduce the following elements in W. They 
will be used throughout the paper. Let E Wa„_j be the cyclic permuta- 
tion (12 ... n), G Wor,-, and af G Wb„ be such that 



n 



^ _ I -Cj, ifi = l,n ^ _ I -e„+i_i, \ii ^ n 

^ * I ej, ifi/l,n. ^ * | (-l)'^~^ei, if i = n. 



erf • ei 



— ei, if i = 1 
Ci, if i / 1. 
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Remark 3.1. We write ar, instead of where X G {A,B,D} when the 
context is clear. 

Proposition 3.2. The extended affine Weyl group acts on C„ by the 
following formulas: w ■ c = and iTr ■ c = c"'' where c G Qn^w € W and 

Proof. We know that W naturally acts on C„. Suppose W = Wa„_-i, then 
we have the followings: for c G C^, 

irfsn-i • c = • c*"-i = c"^?*"-! = c"^"! = SlTrf ■ c. 

For 1 < i < n - 1, 

For 1 < i < n - 2, 

TTlSi ■ C = TTl - C^' = C"^^^ = C^'+l'^l = Sj+lTTl • C. 

Therefore, acts on C„. For W = Wb„ or 14^ = TVd„, the computation is 
similar to type j4„_i case, and can be verified easily. □ 

Proposition 13.21 gives rise to a semi-direct product C„ xi CW^. Moreover, 
the algebra Cn x CW^ naturally inherits the superalgebra structure by letting 
elements in be even and each Cj be odd. 

3.3. A superalgebra isomorphism. Given two superalgebras A and S, 
we view the tensor product of superalgebras A S as a superalgebra with 
multiplication defined by 

(a ®6)(a'® 6') = ia,a' £ A, b,b' £ 'B) (3.2) 

where \b\ denotes the Z2-degree of b, etc. Also, we shall use short-hand 
notation ab for {a(S>b) £ A <S> "B, a = 1, and b = 1 (S>b. 

Theorem 3.3. Let W = Wa,,^^,Wb„, or Wd^ and Vi = ^(q + c„+i_i) 
for 1 < i < n. We have an isomorphism of superalgebras: 

$ : e„ X <cw^ ^ e„ ® cw^- 

which extends the identity map on C„, sends Si ^ —\/—iPiti, and 

/?! • • • /3„_it,ri , for type yl„_i 
7^1^ { -\/^cit^i, for type B„ 
^ciCntn^, for type D2k, 



TTr, 



vi--- vnt^^, for type Dn = 

civi--- u^cn+i t,r„, for type Dn = D2k+i- 



2 2 

The inverse map ^ is the extension of the identity map on which sends 
ti I— > \J—l(3iSi and 
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• • • /3i7ri, for type 
^/^Cl■Kl, for type S„ 

-V^CnCiTTi, for type Dn = D2k, 



t 




Cn+iVn^ ■ ■ ■ fiCivr, 

2 2 



for type D, 



for type D, 



D2k 



Proof. By |KWH Theorem 2.4], the map $ (respectively, ^) preserves the 
relations not involving tt^ (respectively, t^r^) for r G O^. Below, we show 
that $ (respectively, ^) preserves the relations involving vr^ (respectively. 



If Vl^ = Wb„ , we see that $ preserves ()2.10p as follows: for 2 < i < n, 
^>(7r?) = -cit^.cit^, = tl^ = $(1). 
^>(7risi7risi) = cit7ri/?iiicit,ri/3iti = ci^iCi/Jit^jtit^iti 
= -PiCiPiCitit.„^tit^^ = ^(sivrisivri). 
^(TriSi) = -cit^^Piti = -PiCitj^^ti 

= -(3itiClt^^ = ^{SiTTi). 

The map ^ preserves ()2.20p as follows: for 2 < i < n, 

^{tl^) = -CiVTiCivri = vrf = $(1). 
^(t^^tit^jti) = ci7ri/3isici7ri/3isi 

= Ci(ci + C2)7riSiCi(ci + C2)7riSi = ^'(-tit^itit^J. 
^(^TTiii) = -ClVri/JjSj = PiCiTTiSi = PiSiCiTTi 

= $(-tit^J. 

Therefore, $ and \I' are (super) algebra homomorphisms for W = Wb„- 
We see that ^ is an inverse map of $ on the generators. Hence, $ and 
^ are inverse algebra isomorphisms. For W = Wa^-i and W = Wd„, the 
computation is similar, but lengthly, and hence will be skipped. □ 

4. The Trigonometric Double Affine Hecke-Clifford algebra 

In this section, we introduce the trigonometric double affine Hecke-Clifford 
algebras, H^r, and then estabhsh their PBW properties. For W = Wa„_i, 
we show that Hy^ is isomorphic to Sj^^ defined in |W| . 

4.1. The algebras H^^ of type Recall G Wa„_i the cyclic per- 
mutation (12 . . .n). 

Definition 4.1. Let u £ C, and W = Wa„_i- The trigonometric dou- 
ble affine Hecke-Clifford algebra, denoted by or H\^_^, is the algebra 
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generated by 7rf^,si,...,Sn-i, Xi,Ci, {1 < i < n), subject to the relations 
(|2.2H2.4p . (|3.ip . and the following additional relations: 



J 


= XjXi 


(4.1) 


X'lCi 


— CiX-i^ X^Cj — CjX-i (z ^ j) 


(4.2) 


aci 


= Caicr (1 < i < n, a £ Sn) 


(4.3) 






(4.4) 


XjSi 


= SiXj {j / i, i + 1) 


(4.5) 


2 


= sivr^ 


(4.6) 


TTiSi 


= Si+iVTi (1 < i < n — 2) 


(4.7) 




= Sj< (1 < « < n - 1) 


(4.8) 


TTlXi 




(4.9) 



Remark 4.2. Without Tr^ , we arrive at the defining relations of the degen- 
erate affine Hecke-Clifford algebra ^ (see |Nazj ). 

4.2. PBW basis for ^. Let us introduce the ring C[P] = C[Pf \ . . . , P^^]. 
The group W = Sn acts on the ring by the formula 

Also recall the triangular decomposition of Sj\y in [KWll Th. 3.4], namely 
Sj\^ ^ C[^*] (g) e„ ® CW. We set 

E := Ind^^X[P] ^ C[r] ® C[P]. 

Hence we obtain the representation ^"'■^ : Sj^y — > End(E) where Xi and q 
act by left multiplication. Together with [KWlj Prop. 3.3], we have the 
foUowings: for / G C[[)*], c G C„, and 5 G C[P], the generator Sj G i^^^ for 
1 < i < 77, — 1 acts by 

s^ ■ if eg) = rc^^g^^ + (u^^^ + ^^l£l±lLlI2^l£l±l\ ,g, (4.10) 

V Xi+l - Xi Xi+l +Xi ) 

Lemma 4.3. Let a\ := . The representation ^'^^ : ^ End(E) 
extends to the representation $ : -ff^ End(E) by letting tti • {fcg) = 

Pif^e^g''^ where f G C[f)*], c G 6^, 5 G C[P]. 

Proof. We need to check that the relations in Hyy are preserved under the 
map ^. It is enough to check the relations involving only tti. Suppose 
/ G C[f)*], c G Cn, 5 G C[P], then the map preserves the relation ()4.6p as 
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follows: 



+7ri ( u h u ) eg 



2 e-, /t2 a-, rr^ 



p^P2 /'i^iC^'^i^'^"! 



+P1P2 Vu c"^g''^ 

\ X2- X\ X2^X\ j 

= syk\ ■ ifcg). 

The map preserves the relation (|4.7p as follows: for 1 < i < n — 2, 

TTiSj • (/cc/) = TTi - [ f 'c'g ' + [ u h u ■ cg 

V V ^j+i - Xi+i +Xi J 



+Pi u h li ■ C ^5 

V XiJ^2 - 2;j+i a;j+2 + a^j+i / 

= Sj+lVTl • (/Cff). 

The map preserves the relation ()4.8p as follows: for 1 < i < n — 1, 



V V ^i+1 - + y 

= P1P2 . . . i^n C^'/O 

+P1P2 • • • -u h n ^ cg 

\ Xj+i - Xi Xj+i + y 

= SiT^1-{fcg). 

The relation (j4.9p are can be easily checked. □ 

Lemma 4.4. Let W = Wa„_i and ai := o"]^. The extended affine Weyl 
group acts faithfully on the algebra C[f}*](8)C[P] where Si for 1 < i < n—1 
acts naturally and diagonally, while vri acts as ai Pi^i. 

Proof. The group W acts diagonally on C[[)*] <^ C[P]. As operators on 
C[[)*] (8) C[P], we have vriSj = Sj+ivri for 1 < i < n — 2, 7r"sj = SjTr" for 
1 < i < n - 1 and 7rfs„_i = sivrf. Then VF'^ acts on C[l)*] (g) C[P]. 

Suppose w = TTiSi, . . . Si-^ is a reduced expression with < ij < n — 1 
where sq = 7ris„_i7rj~^, and w acts trivially on C[[)*] 0C[P]. Then w-1 = 1. 
This implies that w G W. Since acts faithfully on C[f)*] O C[P] this 
implies that u; = 1. □ 

Below we give a proof of the PBW basis theorem for Hyy using in effect 
the extension of the representation S^^r — > End(E) to the representation 
Hyy End(E). The argument here will be adapted in the proof of Theorem 

Km 
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Theorem 4.5. Let W = Wa„_^. The set {x"c^u;|a e e Z^,w G 

W^} forms a C-linear basis for the Hy^- Equivalently, the multiplication of 
subalgebras C[f)*],C„, and CW^ induces a vector space isomorphism 

Proof. We show that the elements x°'c^w viewed as operators on C[i)*] (8> 
Cn ® are hnearly independent. 

For a = (ai, . . . , a„), v = (61, ... , we denote \a\ = oi + • • • + a„, and 
1 1^1 = bi + ■ ■ ■ + bn- Define a Lexicographic ordering < on the monomials 
x°'P'',ae Z", by declaring < if |a| + |z^| < |a'| + |z^'|, 

or if \a\ + |z/| = \a'\ + then there exists an 1 < z < 2n such that Zi < z'- 
and Zj = z'- for each j < i, where Zi = Oi ii 1 < i < n, and Zi = bi-n if 
n + 1 < i < 2n. 

Suppose that S :=Y1 o.^ij^x°'c^w = for a finite sum over a, (3, w and that 
some coefficient a „ 7^ 0; we fix one such B. Now consider the action S on 

an element of the form for iV„ > • • • > iVi > 0. By Lemma 

14.41 there exists a unique w such that the leading term of w ■ x^-^ • • • x^" , 
namely {x^^X2^ ■ • • x^")'^, is maximal among all possible w with a^^^_ 7^ 

for some a. We note that {x^^x^'' • • • x^")'^ = {x^'x^^ ■ ■ ■ x^^f for 
some a € W and A G Z". Let a be chosen among all a with a „- ^ 

such that the monomial 2;°(x^^rE^^ • • • x^")^c^ appears as a maximal term 
with coefficient zto-n-. It follows from 5 = that a-„- =0. This is a 

apw apw 

contradiction, and hence the elements x'^c^w are linearly independent. □ 

In the classical theory of the trigonometric double affine Hecke algebra 
(tDaHa), the algebras are equipped with two presentations. Originally, one 
defines the tDaHa to be the algebra generated by I}* and with certain 
relations. To obtain the second presentation, one simply rewrite the genera- 
tors of tDaHa in terms of f)*, W, and the weight lattice Y corresponding to 
W. As an analogue to the classical theory, we show below that the algebra 
SjIj. introduced in [W] is isomorphic to H^^_^. 

First, we recall the algebra Sj^^. is generated by C[[)*], S„, 5^, and e^"^' 
(1 < i < n), subject to the relations ()4.2H4.5p and the following additional 
relations: 

e^'e'^-'' = e'^^e'^', e'^^e~'^^ = 1 
we"^ = e'^'^'w, Cjc"' = e^'Cj (Vw G Sn,yi,j) 

[xi, e'']=u}_^ sgn(fc - i) ^ _ (1 - QCfc)gfc,. 

The algebra Sj^^ admits a natural superalgebra structure with Cj being odd 
and all other generators being even. Note that the subalgebra generated by 
e^* (1 < i < n), denoted by C\Y] is identified with the group algebra of the 
weight lattice of type GLn] the subalgebra generated by e^* (1 < i < n) and 
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Sn is identified with the group algebra of the extended affine Weyl group 
of type GLn. 

Theorem 4.6. Let W = Wa,^_-^ . We have an isomorphism of superalgehras: 

F : — ^ 

which is the identity map on if , Sn, Qn, and sends e*^' i— > Sj_i . . . si7ris„-i ■ ■ ■ Si 
for 1 < i < n. 

Proof By Theorem 113] and [Wl Prop. 5.4], it follows that = as 
vector spaces. By a long and tedious calculation, we show that the defining 
relations in S^l^ are preserved under the map F ■ Hence F is an isomorphism 
of superalgehras. □ 

Remark 4.7. As a consequence of Theorem 14.51 and Theorem 14.61 the even 
center contains C[y]'^ and C[xf , . . . , as subalgebras. In partic- 

ular, Hy^ is module-finite over its even center. Alternately, this can be seen 
for S^l^ using the locally isomorphism relating to its rational counterpart. 

4.3. The algebras of type Let W = Wd„- The extended affine 
Weyl group is characterized by n even or odd. So the definition of the 
trigonometric double affine Hecke-Clifford algebra H^^ of type Dn depends 
on either n G N is even or odd. 

Recall that the elements erf* , E W are defined in Subsection 13.21 

Definition 4.8. Let n S N be even, u € C, and W = Wd„- The trigono- 
metric double affine Hecke- Clifford algebra of type D„, denoted by H^^ or 
iij-) , is the algebra generated by and vr^^, tt^^, Xj, Cj, Sj, (1 < i < n) subject 



to the relations (j2.2H2.6p . (j4.1H4.5p . and additional relations: 

SnCn = -Cn-lSn, SnCi = CiSn (l / n - l,n) (4.11) 

SnXn = -Xn-lSn - u{l + Cn-lCn) (4-12) 

SnXi = XiSn {l ^ U - 1, n) (4-13) 

vr? = l, vr2 = l (4.14) 

TTlTTn = Vr„7ri, TTiSlTTi = T^nSnT^n (4-15) 

TTlSj = SiVTi, 7r„Sj = Sn-i-Kn {2 < i < U - 2) (4.16) 

VTlSn-l = SnTTl, TT^Sl = Sn-lT^n (4-17) 

TlrXi = x"'' TTr TTrCi = c"^*" TTr {r = l,n;l < i < n). (4-18) 



Definition 4.9. Let n G N be odd, n G C, and W = Wd„- The trigono- 
metric double affine Hecke-Clifford algebra of type Dn, denoted by H^r or 
Hjj^, is the algebra generated by tt^"^, Xj, Cj, Sj, (1 < i < n) subject to the 
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relations (I22H2SD, and additional relations: 





= 1 










— ^n—i'^n 


(2 < i 


<n-2) 




















= Sl-Kn 










= Ci vr„. 


{l<i<n 



Recall that the element G is defined in Subsection 13.21 
4.4. The algebras of type 

Definition 4.10. Let u,v G C, and let W = Wb„- The trigonometric 
double affine Hecke- Clifford algebra of type Bn, denoted by H^^ or Hj^^, 
is the algebra generated by and irf^ ,Xi,Ci, Si, {1 < i < n) subject to the 
relations (122H13I), dlZHlSI), (jUHlS]), and additional relations: 



^n^n — ^n^n-) ^n^i — ^i^n 7^ ^) (4.19) 

SnXn = -XnSn " V2v (4.20) 

SnXi = XiSn {i ^ n) (4.21) 

■kI = 1 (4.22) 

-KiSi = SiVTi {2<i<n) (4.23) 

TTiSlTTiSi = SiVTiSiTTi (4.24) 

TTlXi = X-'^ TTi, VTiCj = Cj ^ VTi (1 < i < Tl). (4.25) 



Remark 4.11. Without vr^ , we arrive at the defining relations of the degen- 
erate affine Hecke- Clifford algebra Sj\^, for W = Wb^ or Wd^ (see |KW1] ). 

4.5. PBW basis for Hy^. In this subsection, we prove a PBW type re- 
sult for the algebra H^r for W = Wb„ or W = Wd„- We first make a 
suitable modification from Subsection 14.21 We introduce the ring C[P] := 

C[P^^^'^, . . . , Pn^^"^] where Pi formally corresponds to e*^*. Sn naturally acts 
on C[P] by the formula (f/^^)"' = -P^(^)- The action can be extended to an 
action of W = Wd„ by letting 

(pl/2^s„ _ p-1/2 /pl/2xs„ _ p-1/2 

(^pl/yn^pl/\ (i/n-l,n). 

Also, the action of 5„ on C[P] can be extended to an action of = Wb„ 
by letting 

{p:,/'r = p-'/', {pl'^y- = pl/\ {i^n). 

Consider the representation : — > End(E), namely 
E := Ind^^C[P] ^ C[r] ®&n® C[P]. 
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Note that Xi and Cj act by left multiplication. The generators Si E for 
W = Wd„ ^ i ^ n-) act by the same formula ()4.10p for 1 < i < n — 1 and 
in addition by 

\ + ^n— 1 ^n— 1 / 

The generators Si S for W = Wb„ (1 < « < n.) act by the same 
formula (j4.10p for 1 < i < n — 1 and in addition by 

sn ■ if eg) = r-c'-f- - V2 [vL-£^^ eg. 

For more details treatment on consult [Nazi |KW1| . The following 
lemma is a counterpart to Lemma 14.31 

Lemma 4.12. Let W = W^^ or Wb„- The representation ^"-^ : — > 
End(E) extends to the representation $ : End(E) by the following 

formulas: 



TTr • if eg) 



P^f-ic-ig-i^ ifr = l, 

(Pi... P,) 1/2 /'^"c'^" 5"", ifr = n, 



where f G C[[)*],c G e„,5 G C[P]. 

Proof. By a direct and lengthy computation, the action on E = C[[)*] 
Cn ® naturally extends to an action of H^^. We will verify a few 

relations in Hj^^ for n is even, and leave the rest to the reader. 
The map preserves the relation (14.14p as follows: 

7rj-{fcg)=7r,-Pi{fcg)^' =l-{fcg). 
vr^(/c5)=v^„•(Pl...P„)l/2(/cgr" 

= (Pi . . . Pn)'^\Pn' • • • P{')''^feg = 1 • [feg). 

The map preserves the relation ()4.15p as follows: since criGn = CnCJi, then 
TTiVTn • fcg = vr^TTi • fcg. We also have 

TTiSiVTi • fcg = vTiSi • Pi{fcg)"^ 
= vri • P2(/c<7r'^i 

+n.i . P. f + e_,o,n-r^\ 

\ X2- Xi X2 + XI I 



CTl 



PiP2(/c<7)'^^^^ 

+UP1P2 ^ \ eg. 

V X2 + Xi X2 - Xi 
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TTnSnTTn • fcg 

= vr„ • (Pi . . . P,,^2P-\Pn^Y'\fcgy-''" 

— M^^) 

Xn \ Xji—l / 

+n7r„ • . . . P„_2-r„_i-r„ j ( 

2^n— 1 



= P^P^ifcgY-^-"- +uP^P2(uLJ— + ^^£li__^_ ^ C5. 

\ X1+X2 -Xi + X2 J 

Since aisiai = anSnCrn, then it follows that ttiSitti • /eg' = ■ fcg- 

The map preserves the relation (|4.16p as follows: for 2<i<n — 2, we 
have 

T^nSi ■ fcg = TTn ■ {f Cgf' + T^n ' ( U— h y^^Sl+lL / C»C,+i \ 

V Xi+l - Xi Xj+l + Xi J 

= {P^...Pn-iPnf'\fcgr-'^ 

+U{P, . . . ^2 J J 

. . . Pn^lPnf'^ ^ Cn+l-iCn-^f - Z""^' C„+i-,C„- A ^^^^^^ 
V Xn—i Xfi+l — i J 

= Sn-iTTn ■ fcg. 



It is easy to verify vriSj = SiiTi for 2 < z < n — 2. For the rest of the relations 
in Hyy, the calculation is similar. □ 

We have the following PBW basis theorem for H^r. 

Theorem 4.13. Let W = or W = Wb,^, the elements {x°'c^w\a e 

Z",/3 G Z2,w € W^} form a C-linear basis for H^^ (called a PBW basis). 
Equivalently, the multiplication of subalgebras C[f)*],C„, and CW^ induces 
a vector space isomorphism 

Proof. We show that the elements x°'c^w viewed as operators on C[f)*] ^ 
Qn ® C[P] are linearly independent. It is clear that, for either W = Wd„ 
or = VFb„, the elements x°'c^w span H^,. It remains to show that they 
are linearly independent. We shall treat the Wb„ case in detail and skip the 
analogous Wd„ case. 

To that end, we shall refer to the argument in the proof of Theorem 14.51 
with suitable modification. First, we observe that for each w G the 

leading term of w ■ {x^^ . . . x^") is {x^^ ...x^"YP'^ for some 7 E Wb„ 
and A G (f )"• Similar to type A case, we choose w such that the leading 
term (xf^^x^^ • • • x^")^ — {^1^ ■ ■ ■ x^^yP"^ is maximal for some 7, A. Write 
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7 = ((^1) • • • ) Vn), c) £ Wb„ = {il}" >^ Sn- Let a be chosen among all a 
with a^^^ 7^ such that the monomial • • • x^")'^c^ appears as a 

maximal term with coefficient ±0^^^ • Note that w may now not be unique, 
but the A, o", and a are uniquely determined. Then, by the same argument 
on the vanishing of a maximal term, we obtain that 

= ^ ^ O-afdw^ ' i^l ^ ^2 ^ " " " ■^n " ) ' 

= ^ ^ CLgf^wX ' {x^ ^ ^2 ^ • • • ""Y^ P , 
7 

and hence 

By choosing A'^i, . . . , A^^^ with different parities (2" choices) and solving 
the 2" linear equations, we see that all aapw = 0. This can also be seen 
more explicitly by induction on n. By choosing Nn to be even and odd, 

we deduce that for a fixed X](T,i,...,,,„_i)e{±i}"-i ^^^(-l)^^^^ "^'^^ = 0) 
which is the equation for {n — 1) Xj's and the induction applies. □ 

Corollary 4.14. Let W = Wd„ or W = Wb„- The even center of Hyy 
contains C[xf , . . . , a;^]'^. 

Proof. Suppose / e C[xj, . . .,xl]^. Then Hrf = f'^ni = fm. By [KWTl 
Prop. 4.6], / commutes with the generators si, . . . ,Sn and ci, . . . , c„. So, / 
is in the even center of H^). □ 



5. Trigonometric spin double affine Hecke algebras 

In this section we introduce the trigonometric spin double affine Hecke 
algebra , and then establish its connections to the corresponding trigono- 
metric double affine Hecke-Clifford algebras H^,. 

5.1. The skew-polynomial algebra. We shall denote by C[^i, . . . , the 
C-algebra generated by ^i, . . . subject to the relations 

C^CJ+^jC.=0 {i^j). (5.1) 

This is naturally a superalgebra by letting each be odd. We will refer to 
this as the skew-polynomial algebra in n variables. This algebra has a linear 
basis given by '■= Ci^ ' " for a = (/ci, . . . , A;„) G , and it contains 
the polynomial subalgebra C[^^, . . . , ^^]. 

5.2. The algebra of type vln-i- Let W = Recall that the 
spin extended affine Weyl group CW^' associated to a Weyl group W is 
generated by and tj^-^ subject to the relations as specified in 
Section [231 
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Definition 5.1. Let u £ C The trigonometric spin double affine Hecke 

algebra of type An~i, denoted by or H^^__^, is the algebra generated by 
C[Ci) • • • iCn] and CVF^~ subject to the relations: 

tiCi = -Ci+iU + u (1 < i < n - 1) (5.2) 

tiCj = -Cjti {j^i,i + l) (5.3) 

tn.^i = (-l)"-'Ci+ii.i (1 < ^ < n - 1) (5.4) 

K^Cn = {-ir-'^iU,- (5.5) 

5.3. The algebra of type Let n G C and W = Wd^. In this 
subsection we define the trigonometric spin double affine Hecke algebra as- 
sociated to W, denoted by or H^^, for both n is even or odd. 

Definition 5.2. Let n be odd. The algebra is generated by C[Ci, . . . ,(,n] 

and CW^~ subject to the relations (j5. 2115. 3[ ) and the following additional 
relations: 

-Cn-ltn + U (5.6) 

-Citn (i7^n-l,n) (5.7) 

n— 1 

{-l) — ^n+i-itn„ il<i< n). (5.8) 

Definition 5.3. Let n even, the algebra is generated by C[^i, . . . 
and CW'^~ subject to the relations (|5.2ll5.7p and the following additional 
relations: 

tniCi = 6*7ri (1 < i < n) 
*7r„Ci = ( — 1) 2~^"'"'^n^-l-^^7r„• 
5.4. The algebra of type S„. 

Definition 5.4. Let n, z; G C, and W = Wb„- The trigonometric spin 
double affine Hecke algebra of type Bn, denoted by or H^^, is the algebra 
generated by C[^i, . . . , ^n] and CW^~ subject to the relations relations (15.21 - 
15. 3|) and the following additional relations: 

tnii = -iitn (i / n) 
tniii = -iitni (1 < « < n). 

Sometimes, we will write H^{u^v) or Hf^^{u,v) for H^ or H'j^^ to indi- 
cate the dependence on the parameters n, v. 

Remark 5.5. The algebra is naturally a superalgebra with all tj's and 
being odd generators. A generator t^^^ can be either even or odd depending 
on r and W , its degree is given by (j2.23p and (j2.24p . Without t-,^^, we arrive 
at the defining relation of degenerate spin affine Hecke algebra, denoted by 
see [Wl lKWT] . 



tn<,n — 
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5.5. A superalgebra isomorphism. 

Theorem 5.6. Let W = Wa„_,,Wd„ or Wb„- Then, 

(1) there exists an isomorphism of superalgebras 

$ : — >en ® iiw 

which extends the isomorphism $ : C„ x CW^ — > C„ <^ CW^~ (in 
Theorem \3.3\) and sends Xi > — > \/— 2ci^j for each i; 

(2) the inverse : e„ — >H^^ extends ^ : Qn (S> CW' — > Cn x 

CW^ (in Theorem \3. 3|) and sends i — > i^j'Tj for each i. 



Proof. We need to show that $ (respectively, ^) preserves the defining re- 
lations in Hy^ (respectively, in H^). By |KWH Theorem 4.4], the map $ 
(respectively, ^) preserves the relations not involving only TTr (respectively, 
t-iTr)- So it is left to show that $ (respectively, ^) preserves the defining 
relations which involve vr,. and Xj's (respectively, tj^r or ^j's) for 1 < i < n. 
We verify relations for type -B„ case below. For other relations and types, 
the computation is similar, and will be skipped. 
For W = Wb„ and 2 < i < n, we have 

^(iTlXi) = -\pic\tT,^Ciii = -\piciC\tT,^ii = ^>(xi7ri). 

^>(7rixi) = -\/2cit7,,ci6 = \/2t^^^i = -^Piixt-K^ = ^/2clilClt^,^ 
= ^(-xivri). 

Thus $ is a homomorphism of (super)algebras. Similarly, ^ is a superalgebra 
homomorphism by the followings: for 1 <i <n 

^{tnid) = -^ClTTlCiXi = --^QXiClVTi = "^{-Citni)- 

Since ^ and ^ are inverses on generators and hence they are indeed 
(inverse) isomorphisms. □ 

5.6. PBW basis for H^. We have the following PBW basis theorem for 

Theorem 5.7. Let W = Wa„_i, Wd^ or Wb^- The multiplication of the 
subalgebras CW~ and C[^i, . . . induces a vector space isomorphism 



Proof. It follows from the definition that is spanned by the elements 
of the form S^"a where a runs over a basis for CW'^~ and a £ TU]^. By 
Theorem 15. 6[ we have an isomorphism ^' : 6^,, — ''^vv Observe that 
the image ^'(^°f7) are linearly independent in by the PBW basis Theo- 
rems H3] and HTTS] for -ff^. Hence the elements ^"cr are linearly independent 
in if^. □ 



20 



TA KHONGSAP 



Remark 5.8. H^, contains the skew-polynomial algebra C[^i, . . . ,£^n] and the 
spin extended affine Weyl group algebra CW^~ as subalgebras. 

Remark 5.9. As a counterpart of ^l^, |Wj also introduce the trigonometric 
spin double affine Hecke-Clifford algebra of type A, denoted by As a 
consequence of Theorems 14.61 and 15. 6^ we have _^ = and therefore 
is module-finite over its even center. We also have the following. 

Corollary 5.10. Let W = Wa„_:^,Wb„ or Wd„- The even center for 
contains C[^j,...,Q^. 

Proof. By the isomorphism $ : Hy^r — H^, we have 

Thus, CiCl e]"^ ^Z{H^). □ 
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